We present a new method by which wavefunctions with simple structure are renormalized so as to contain more complicated structure. This method, called H n -cooling method, is applied to the study of the quadrupole collective motion of 56 Fe, 54 Cr, 58 Fe and 56 Cr. The shell-model wavefunctions of lowestlying states of these nuclei are well treated by this method. By using the wavefunctions obtained via the H n -cooling method, IBM-2 parameters are derived from a realistic shell-model hamiltonian and transition operators. The Majorana interaction becomes sizably repulsive, primarily as an effect of the renormalization. The bosonic E2 effective-charges are enhanced due to the renormalization, while a quenching occurs in the M 1 and M 3 parameters for proton bosons. It is shown that the χ parameters take similar values in the 1 hamiltonian and in the E2 operator.
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I. INTRODUCTION
Middle pf-shell nuclei provide us with a precious testing ground to understand various aspects of the quadrupole collective motion from microscopic standpoints. Computational difficulties in a realistic shell model rise rapidly in general, as the mass number increases. The growing computer power, however, enables us to carry out realistic shell-model calculations in the middle pf-shell region. On the other side, the middle pf-shell nuclei seem to gain significant quadrupole collectivity, which is a global and dominating feature of heavier nuclei.
Recently Sebe and the authors have reported one of the most successful shell-model results for N = 28 −30 nuclei [1] [2] [3] . The Kuo-Brown interaction [4] , which had been derived from a realistic NN potential through G-matrix, has been employed in these calculations, together with a large configuration space including excitations from the 0f 7/2 orbit. To be more precise, considering the following configuration, (0f 7/2 ) n 1 −k (0f 5/2 1p 3/2 1p 1/2 ) n 2 +k ,
where n 1 = (Z − 20) + 8 and n 2 = N − 28 for the 20 < Z ≤ 28 ≤ N < 40 nuclei, we have adopted a space consisting of all the k = 0, 1 and 2 configurations. It has been confirmed [3] that, for even-even nuclei, the energy levels are reproduced remarkably well for E x < 4MeV.
The presence of mixed-symmetry states with respect to the proton and neutron collective degrees of freedom has been predicted by the proton-neutron interacting boson model (IBM-2) [5] . It has been pointed out [6] that a mixed-symmetry 2 + state may lie lower than the other mixed-symmetry states in spherical nuclei, although the origin of such a low-lying mixed-symmetry 2 + level has remained open. Experimental studies have suggested that the mixed-symmetry 2 + state exists around E x = 3MeV in the Cr-Fe region [7] . A realistic shell-model analysis has been applied to pin down the mixed-symmetry 2 + state of 56 Fe [1] , clarifying which states share substantial fractions of the mixed-symmetry component. It is of special interest to study this type of collective modes more extensively, on the basis of a realistic shell-model calculation.
The realistic shell-model hamiltonian couples collective degrees of freedom to noncollective ones, in general. When large-scale shell-model results are interpreted in terms of IBM-2, it is important to incorporate, through a certain renormalization procedure, effects of relevant non-collective degrees of freedom into the calculations made in the collective subspace. This is an example of the general problem as to how a complicated system can be described with a limited number of degrees of freedom by taking into account a variety of correlations in an effective manner. Rayleigh-Schrödinger's perturbation theory constitutes a possible way, by which the model wavefunction is modified. The second-order perturbation has been applied to renormalize the IBM-2 parameters [8, 9] . Another way is
Bloch-Horowitz's renormalization of operators, in which operators, rather than wavefunctions, are modified perturbatively so as to carry the relevant correlation effects. Some useful general theories have been developed by extending Bloch-Horowitz's method: Feshbach's projection method [10] and the folded-diagram theory [11] , for example. These methods are, however, more or less based on the perturbation theory. In the cases to be considered in this paper, perturbative ways are inappropriate, as is argued just below.
Our present goal is an investigation of the quadrupole collective states which are to be described within IBM-2, in connection with the realistic shell model. In the first approximation, the s-and d-bosons in IBM-2 correspond to the collective 0 + (S) and 2 + (D) pairs of valence like-nucleons [5] . In Cr-Fe nuclei, as is assumed in Ref. [7] , the S-and D-pairs usual SD space (< 60%) [3] . In order that the 0 + 1 and 2 + 1 states can be described within the IBM-2, the correlations beyond the SD-pairs must be taken into account. This relatively large k > 0 fraction prevents perturbative ways from being applicable. A method beyond the perturbation theory is required. It is commented that this situation takes place because the 56 Ni core is not very stiff. Perturbative approaches may be legitimate in other mass-regions in connecting IBM-2 to realistic shell-model.
We recall here that, as far as several lowest-lying levels are concerned, they are successfully reproduced by the Horie-Ogawa hamiltonian [12] with only the k = 0 configuration in the Cr-Fe region, apart from the precise description of the mixed-symmetry states [1] .
Moreover, this k = 0 shell-model result is connected with IBM-2 fairly well, at least for 0
and 2 + 1 [13] . This fact suggests that, even in more realistic cases with k > 0 configurations, the lowest-lying states may be described within IBM-2 through a proper renormalization.
In Ref. hamiltonian is derived from the realistic shell-model hamiltonian. This is the first work of this sort, while there have been many works evaluating IBM-2 parameters from more schematic interactions, for instance the surface-delta interaction. The IBM-2 transition operators are obtained as well. Renormalization effects on various IBM-2 parameters are discussed. Focusing on the IBM-2 results more concisely, we shall investigate properties of the mixed-symmetry states in Cr-Fe region in the following paper [14] .
The present renormalization method is introduced in a general form, in this section.
Some details of the procedure will be illustrated in Section III. Although this method may be applicable to other many-body problems, we shall apply it, in this paper, to elicit a collective space out of the shell-model space. This collective space should correspond to that of IBM-2. 
In the practical case, J represents nuclear spin. In the following procedure, W
J 's with different J's never mix with one another, reflecting the conservation law.
We consider a primary basis Ψ , where H means the original hamiltonian. When the inverse temperature β = it with imaginary t is employed, the time evolution e −iHt is converted to cooling e −βH . In order to simplify the following discussion, we assume without loss of generality that all the eigenenergies are non-negative. This situation is attained, if necessary, by shifting the origin of energy. The expectation value Ψ
is a function of β, is a superposition of exponentially-decreasing components corresponding to eigenvalues of H. 
λ , whose meaning will be specified later in this section. By taking into account the influence of the φ-bases, the wavefunction of Ψ
λ will be renormalized as
where c ν,λ represents mixing amplitude of the φ-basis. The basis Ψ λ is constructed so as to contain higher-energy components with significantly small amplitudes. By doing this, rapidly-decreasing components in Ψ λ | e −βH |Ψ λ can be made negligibly small. Then the exact low-lying eigenstates will be reproduced to a good approximation by appropriate linear combinations of Ψ λ 's. The following discussion will exhibit how to choose φ In the present method, it is required that the Hilbert space W J ≡ {Ψ λ ; λ = 1, 2, · · ·}, which consists of the renormalized bases, fulfills the approximate relation
up to a reasonably large β. By defining the total space of the renormalized bases by
Eq.(4) can be expressed as
We look for a W which satisfies Eq. (6) We consider a small β by rewriting β as ∆β for the time being, although it is not essential as discussed later. By expanding e −∆βH into the power series of ∆β, the cooling of Ψ
λ gives
whereÔ ((∆β) ν ) represents an operator with the order of (∆β) ν . We define the φ (ν) λ bases (see Eq. (3)) from the right-hand side,
Here P O stands for an appropriate orthonormalization, whose concrete definition will be given in Section III. The basis φ λ affects the primary state via its coupling to φ
λ .
In this manner, important bases are extracted one after another. Note that all the φ-bases carry the same quantum number J as Ψ
Since the shell model is defined as a finite dimensional many-body problem, the cooling operator e −∆βH does not need infinite series expansion. Moreover, since we have postulated that the primary bases include basic dynamics, the number of relevant degrees of freedom which couple to the primary bases can be relatively small. Making good use of these features, e −∆βH is handled by the power-series expansion as in Eq. (7), and the φ-bases are generated by Eq.(8).
It has been known that the Lanczos diagonalization algorithm is efficient to obtain eigenenergies and eigenfunctions of low-lying states. We here try to utilize the advantage of 
, corresponding to the order of (∆β) n .
A renormalized wavefunction (see Eq. (3)) is introduced within Γ (n) ,
with the amplitude c ν 's to be determined. The submatrix of H for the subspace Γ (n) is constructed, and the eigenvector associated with the lowest eigenvalue is adopted as the renormalized basis Ψ (n) in Eq. (9) . It is noticed that the mixing amplitude c ν thus obtained depends on n, though this dependence is not explicitly shown here. The basis Ψ (n) yields
where
. By this procedure, rapidly-decreasing components become 
λ is created so as to be orthogonal to Γ (n)
an orthonormalization. This orthogonalization will be illustrated concretely in Section III.
Although this modification can generally break the relation (10) for individual basis, the orthonormalization can be made (see Section III) so that a similar condition should be satisfied for the space W (n)
This indicates that W (n) J fulfills Eq.(4) up to O ((∆β) n ). The entire space of the renormalized bases at the order n is then defined as
The cooling Eq. (11) is carried out step by step, through the power-series expansion (7). We shall call the present procedure H n -cooling method (H n CM). The H n CM gives a wavefunction renormalization, incorporating dynamical correlations contained in H. As far
with small β is decomposed in terms of the n = 1 basis Ψ (1) λ and the rest. The latter has higher energy than the former, giving rise to the faster-decreasing component. Analogously, for a general n, the H n CM process produces n faster-decreasing components in addition to the slowest-decreasing component
is shown in Eq. (11) . The larger n assures the better approximation from the viewpoint of the condition (4) or (6) . If W (n) converges with n, no new basis is created by H acting on this subspace. The convergence then becomes independent of β, which means that Eq. (6) holds for a general value of β, not only for ∆β.
Although a cooling can be made only by operating e −∆βH on Ψ
for each step. This accelerates the cooling to an appreciable extent, since the diagonalization is equivalent to the full cooling within the relevant subspace. Moreover, as far as the dimension of H is finite, bases are exhausted at finite n. Therefore, the β → ∞ limit, which is required for the full cooling in infinitedimensional cases, is not necessary. Because of these properties, all the major components for low-lying states are generated with relatively small β, and the H n CM is expected to be efficient even with rather small n. We shall see it in practice in Sections IV.
Here we should add the comment that some nuclear collective states, for which the H n CM will be used, are not necessarily the lowest-lying state with a specific spin-parity. In such cases the term 'cooling' may not be appropriate, and some caution will be necessary in applying the present method. A prescription will be shown in Section VI, while the actual case of the Cr-Fe nuclei will be presented in Ref. [14] .
III. ILLUSTRATION OF H n CM
The H n CM is illustrated in some detail with an example: let us consider the set spanned by the SD-states with J P = 2 + in 56 Fe.
As has been mentioned in the preceding section, the proton S-and D-pairs have the 
These bases straightforwardly correspond to the IBM-2 bases through the OAI mapping [5] . In the following discussions, the proton-neutron property of the wavefunctions is taken into consideration, so that the states should correspond to the IBM-2 states with good F -spin. The variable F on the left-hand side of Eq. (13) indicates the F -spin value of the corresponding IBM basis after the OAI-mapping [5] . The maximum of F is obtained by
ν is the total number of SD-pairs, which is the same as the total boson number in the IBM-2, for each nucleus. The states with F = F max are called totally-symmetric states in the IBM-2, while those with F = F max − 1 mixedsymmetry states. We refer here the bases in the SD fermion space in an analogous manner.
Note that F max = 1 in 56 Fe. Though the above |2 + (SD); F = 0 state is a totally antisymmetric state, it is called mixed-symmetry state in this article, because it belongs to the class of the F = F max − 1 states.
For each nucleus we shall consider the complete set of orthonormal bases belonging to
e., the SD space with a specific spin); Ψ
l . In the above case of Eq. (13), the Ψ (0) 's turn out to be
The ordering of the bases may affect the process of the H n CM, as will become transparent below. In this example, the SD-bases are ordered so that the class of states with full F -spin
come second, and so forth. Within each sector of a given F -spin, the bases are placed from the lower seniority to the higher, similarly to the OAI mapping.
In the H n CM, the φ-bases of Eq. (8) as well as the Ψ (0) 's are generated in the following order,
1 , φ
λ , apart from the orthonormalization by P O . We define the P O operator in Eq. (8) as follows. The first l bases are Ψ
l , which are already orthonormal, and P O acts as the unity for them. The (l + 1)-th basis is φ 
2 , · · ·, Ψ
l .
Namely,
where P O { } represents orthogonalization to the states specified in the curly bracket, together with the normalization. The (l + 2)-th basis φ
2 is created similarly, except that it should be orthogonal also to φ
One can repeat the procedure until all the orthonormal bases in Eq. (15) are obtained. Each φ-basis can be represented explicitly as
1 ,···,φ
Note that, as n becomes larger, some bases may vanish due to the orthogonalization. The bases in Eq. (15) are produced in this manner, by carrying out the Gram-Schmidt orthogonalization on them successively.
We then consider a subset Γ
It should be noticed that Γ 
λ is obtained from Γ
(1)
, and so forth. The H n CM space
is spanned by the bases thus obtained.
The H n CM will be useful for extracting some simple structural features from complicated shell-model wavefunctions. Since the renormalized wavefunctions of the SD states are explicitly constructed, it is possible to compare them directly to the shell-model wavefunctions. It is also straightforward to evaluate matrix elements of a given operator in the space
Although the larger n implies the better closure of the subspace from the viewpoint of Eq.(4), we consider n ≤ 2 cases in the following application.
IV. APPLICATION OF H n CM TO SD SPACE IN Cr-Fe NUCLEI
The H n CM is applied and tested numerically in Cr-Fe nuclei, starting from the SD-pair states.
As has been shown in Ref. [3] , the shell-model calculation with the Kuo-Brown realistic hamiltonian in the k ≤ 2 space successfully reproduces the observed states up to E x ≃ 4MeV in 54 Cr and 56 Fe. While the proton S-and D-pairs are uniquely determined by the (0f 7/2 ) −2 configuration, the structure of the neutron pairs has to be fixed. In 56 Fe, the structure of |S ν is determined so as to maximize the overlap between the |S π ⊗ |S ν state and the shell- The H n CM is applied, starting with the collective space composed of these SD-pairs.
The H n CM is driven by the shell-model hamiltonian in the k ≤ 2 space. The subspace W (0) J is spanned by the products of the above SD-pairs with angular momentum J. Any basis in W (0) carries the lowest isospin, and the isospin is conserved during the H n CM. The primary
are put in the order of F -spin and seniority, as has been mentioned in the preceding section.
λ 's imply renormalized SD states, while they are referred to by the corresponding SD-pair structure of Ψ
λ 's are obtained, eigenstates within
are calculated by diagonalizing the submatrix of the hamiltonian whose elements are
. In Fig.1(a 
Since |D 2 π ; 0 + does not exist in the present case, only a single |0 + (SD 2 ) basis is possible, and we introduce
We replace the higher F -spin basis (19a) by (20) . The lower F -spin basis is also subject to similar changes, and should be modified with proper orthogonalization to the basis assigned with higher F value. This orthogonalization, however, annihilates the basis corresponding to Eq.(19b), because of the lack of the |D 2 π ; 0 + component. The following primary bases are thus obtained,
The |2 Although the calculation without the renormalization yields quite high ground-state energy, it produces the energy spectrum similar to that in the H 2 CM result for most lowerlying states. This consequence is not a trivial one, and seems to give a rather deep insight upon the correspondence between the SD-pair states and the IBM-2 states.
It should be mentioned here that the renormalization proposed by van Egmond and Allaart [19] has similar aspects to the present one. They have included various correlations induced through a nearly realistic shell-model hamiltonian. To obtain a renormalized wavefunction of the state with one D-pair, the hamiltonian is diagonalized on the one-and two-broken-pair bases. Most of these bases are involved in the H 1 CM, if their work is compared with the H n CM. However, a few of them emerge only in H 2 CM. In this sense, a part of the H 2 CM effect has been taken into account in Ref. [19] . The H n CM exploited in the present work, on the other hand, provides us with a systematic way to pick up important bases. Wavefunctions of higher SD-states are also handled by the H n CM. A significant difference from Ref. [19] , as well as from other studies, is that the 56 Ni-core excitation plays a certain role in the present case, which may be characteristic to the present mass region.
We should note that, because of this point, the 0 + (S N B ); F = F max basis is modified to an appreciable extent.
It has been demonstrated how efficient the H n CM is. Despite the relatively heavy leakage out of the SD space (W (0) ), the H 2 CM yields reasonable energies and wavefunctions for the lowest-lying states. The leakage mainly arises from the k > 0 configurations, namely from the 56 Ni-core breaking. It is commented that, if we had an appropriate effective interaction in the k = 0 space, the H 1 CM, or even the bare SD wavefunctions, might have worked more efficiently.
V. IBM-2 PARAMETERS
We next calculate IBM-2 parameters by extending the OAI mapping, based on the H n CM. There have been numerous investigations devoted to the derivation of the IBM-2 hamiltonian from schematic interactions like a pairing-plus-quadrupole interaction or a surface-delta interaction [8, 9, 20] . A semi-realistic interaction with the single-range Yukawa form has been applied to investigate several of the IBM-2 parameters in Ref. [19] . On the other hand, this is the first work to derive IBM-2 hamiltonian from a realistic shell-model interaction; the Kuo-Brown interaction, in the present case.
We employ the following form of the IBM-2 hamiltonian, including all the possible oneand two-body terms,
The so-called Majorana terms, which control the energy of the mixed-symmetry states relative to the symmetric states, are defined by
In the OAI mapping, a boson image of a certain nucleon operator is obtained from matrix elements concerning low-seniority states. The parameters are fixed so that a boson matrix element should be equal to the corresponding matrix element in the collective fermion space.
We here consider F -spin also, in addition to the seniority. The boson matrix elements are equated to the fermion ones, similarly to the sequence of the bases in the H n CM discussed in Section III. This procedure is briefly illustrated below.
We first consider the s-boson condensate |s
, the parameter E 0 in Eq. (22) is fixed by the equation
where H stands for the shell-model hamiltonian. When we regard the |0 + (S N B ) basis as the unrenormalized one, we obtain the unrenormalized value of E 0 from Eq.(26). By putting the renormalized wavefunction for |0 + (S N B ) , the renormalized value of E 0 is evaluated.
In this procedure, the wavefunction renormalization for the collective fermion states gives rise to a renormalization of the IBM-2 parameter. The κ parameter is fixed from the
Then ǫ dπ and ǫ dν are determined from the following coupled equation,
The other parameters are evaluated in an analogous manner. It should be noticed that in the unrenormalized case this procedure yields the same results as the OAI mapping.
The resultant parameters, the unrenormalized ones and the renormalized ones via the H 2 CM, are displayed in Table II For instance, χ π of the Cr nuclei vanishes before the renormalization, and it remains small after the H 2 CM. In the N = 32 nuclei, we have very small χ ν both in the unrenormalized and H 2 CM cases. A certain nucleus-dependence has been expected for the χ parameters [5] .
This variation with the increasing valence nucleon number is rapid in this region, because the size of the shell is small, compared with heavier nuclei.
It is found that, while the Majorana interaction is negligibly small before the renormalization, it becomes sizably repulsive due to the renormalization. In reality, the totally symmetric states are pushed down more than the mixed-symmetry states, absorbing the more effect of non-SD degrees of freedom. Thereby the mixed-symmetry states are pushed up to some extent, relative to the lowest-lying states. This point is already viewed in the fermion spectra shown in the preceding section. It has been shown [8, 20] that, if we calculate a boson image of a schematic interaction, the Majorana terms emerge as a renormalization effect. A similar effect occurs also for a realistic interaction derived from the G-matrix. Nevertheless, there is a difference in mechanism. Whereas only the influence of g-boson degree of freedom is considered in Refs. [8, 20] , various correlation is included in the present renormalization. In particular, the core excitation effect looks to play a certain role in the present case. Energies of the lowest 0 + and 2 + (i.e., symmetric) states are lowered greatly, mainly due to the coupling to the core excitation. This mechanism works less for the mixed-symmetry components, resulting in the repulsive Majorana terms.
Comparing the H 2 CM results on the Majorana terms among the four nuclei, we find certain nucleus-dependence of the parameters. In 56 Fe, ξ 1 is fairly large with ξ 2 and ξ 3 remaining quite small. The other nuclei have positive values for all of these parameters.
The ξ 2 parameter is somewhat smaller than the others.
It is also noticed that V B ρ and the last term of Eq. (22) are not negligibly small. Though they hardly contribute to the lowest-lying states in these nuclei, some higher-lying states are affected to a certain extent.
By diagonalizing the IBM-2 hamiltonian, we obtain the energy levels within the IBM-2.
They are already displayed in Figs.1, 2, 5 and 6, by using the parameters after the H 2 CM.
Since we include all the one-and two-body terms in the boson hamiltonian, the IBM-2 levels in 56 Fe, where N B = 2, are exactly the same as those of the collective fermion space.
In 54 Cr, the boson energy levels are very close to those of the collective fermion space, while the perfect agreement can be made if we use three-body terms in the boson hamiltonian.
This indicates that the boson many-body terms are not important. The same holds for 58 Fe and 56 Cr.
We next turn to electromagnetic transition operators. The following shell-model E2 operator is assumed,
with e eff π = 1.4e and e eff ν = 0.9e. The single-particle matrix-elements are evaluated by the harmonic-oscillator wavefunctions with b = 56 1/6 = 1.956fm. For the M1 operator,
and we take g Ref. [1] . While medium effect on the M3 operator has not been explored sufficiently, there is an evidence in the sd-shell that no quenching is necessary to describe M3 transitions [21] .
The shell-model M3 operator is taken to be equal to the bare-nucleon operator,
where the g-parameter are the same as for the M1 operator.
The IBM-2 operators are
The parameters introduced above are evaluated from the matrix elements within the collective fermion space, analogously to the mapping for the hamiltonian. The resultant IBM-2 parameters are shown in Table III .
The renormalization enhances the boson effective-charges (e The same quenching mechanism for the magnetic transition parameters will prevail in heavier nuclei, where a unique-parity orbit is involved in the valence shell. Since the spinorbit partner of the unique-parity orbit is absent in the valence shell, the nucleon-spin content could influence g B ρ and β 3,ρ to a considerable extent, when we ignore effects of excitation across major shells. However, by taking into account the excitation effects, those parameters will be quenched, owing to the spin-saturation tendency [22] in the dynamics. It is expected for the M1 parameters that g B π approaches unity and g B ν almost vanishes.
The dependence of the IBM-2 parameters on valence nucleon numbers is accounted for, in most cases, in terms of the quasi-spin properties of the relevant nucleon operator [5] . The E2 operator behaves as a vector in the quasi-spin space [23] . Weak dependence is suggested for e B ρ , and is confirmed in Table III . The number-dependence of χ ′ is strong, as is expected.
So is χ in the boson hamiltonian. Since T (M1) and T (M3) are quasi-spin scalars [23] , the g B ρ and β 3,ρ parameters are expected to be nearly constant. This is true for g B π , g B ν and β 3,π , but a considerable deviation is seen in β 3,ν . This is a sort of many-body effect, originating in the subshell structure.
VI. DISCUSSION ON H n CM A. Choice of primary bases
In this section, we return to discussion on the H n CM.
Even when the subspace W Moreover, because of the orthogonalization stated in Section III, the H n CM bases generally depends on the ordering of the primary bases.
The following three choices will be possible:
(i) Some orthonormal basis-set is postulated for Ψ
λ by a physical insight.
(ii) The eigenstates within W They are put in order according to the eigenenergies.
To fulfill the space closure of Eq. (4), the couplings between renormalized states and remaining degrees of freedom should be small. From this viewpoint, the latter choice seems favorable. On the other hand, the latter requires more complication in the numerical treatment.
The basic dynamical properties should be well represented by the primary bases, otherwise the renormalization does not converge with small n. In the practical case of the Cr-Fe nuclei in Sections III and IV, we have adopted (i), with the U π+ν (5) ⊗ SU F (2) bases of IBM-2 [24] . This will be appropriate because those nuclei seem to be nearly spherical. In deformed region, another choice might be better [25] .
B. Choice of renormalized bases
One could pursue the convergence of H n CM, by increasing the power n. However, besides tedious computations, it might lead to a dissimilar wavefunction of Ψ
Then it is not reasonable to regard Ψ A solution to this problem is to adopt a linear combination of the few eigenstates in Γ (n) λ as a renormalized basis. We can set a criterion of minimum amplitude for the states to be included. Another practical choice is just stopping at a certain n. It should be emphasized that, in any case, monitoring the H n CM outcome for each step is significant.
In the actual case of the Cr-Fe nuclei, we do not come across the problems stated above, up to the H 2 CM. The lowest-lying eigenstate in Γ is so rapid that we could acquire a good approximation by the H 2 CM. In this respect, the H 2 CM seems good enough to investigate collective states of the Cr-Fe nuclei.
C. H n CM and Lanczos method
As has been mentioned earlier, there is a common part between the H n CM and the Lanczos diagonalization method.
The H n CM energy levels are obtained via two steps of diagonalization; one within the subspace Γ 
does not appear in the Lanczos method. Apart from this difference, the H n CM is exploited so as to make good use of the advantage of the Lanczos method.
An emphasis should be put on the primary bases: we have requested that they should have a simple structure but carry the basic dynamics of the system. For instance, the SD states are taken as the primary bases in the application to the Cr-Fe nuclei in Section IV.
Because of these properties, it is expected in many cases that the H n CM is more efficient than the Lanczos method. The number of bases in the H n CM is given by l(n + 1) for each J, which can be smaller than that necessary in the Lanczos method. In practice, within a fixed J, even less than 10 bases yield good accuracy for the lowest-lying levels of the Cr-Fe nuclei via the H n CM, whereas about 50 bases are normally required in the Lanczos method.
It is noted that each diagonalization is performed for a matrix with quite a small dimension, (n + 1) or l.
D. H n CM and a perturbative renormalization
In this subsection, the H n CM is discussed in connection with a perturbative method of renormalization. A more detailed discussion is given in Ref. [2] .
Let us recall Feshbach's projection method [10] , a well-known method of incorporating truncation effects. We define the P -space as the space of the primary bases; the original SD space in the present case. The total space corresponds to the k ≤ 2 shell-model space, while the original hamiltonian is the Kuo-Brown hamiltonian. We shall take into account the effects of the Q-space, which is spanned by the non-primary bases. Note that all the φ-bases of Eq. (8) belong to the Q-space. The projection operator onto the P -space is denoted byP , and that onto the Q-space byQ, namelyQ = 1 −P .
In Feshbach's method, the renormalized P -space hamiltonian is given bỹ
where 
where E(q i ) = q i |H|q i . Though Eq.(34) gives an exact way to incorporate the influence of the Q-space into the hamiltonian, it is difficult and not advantageous to handle without any approximation in most cases, because of the following two reasons. If one wish to know exact eigenenergies, H Q must be treated exactly, which is usually a matrix with enormous dimension. Moreover, a non-linear coupled equation must be solved, since the eigenenergy E is also contained in the denominator of the second term.
For the sake of simplicity, our discussion is restricted to a fixed J (conserved quantum number), without loss of generality. We introduce the following state generated from Ψ
It is noticed that, with the notation in Section III, φ λ can be expressed as
λ , which is different from the basis φ (1) λ only in the lack of orthogonalization between φ λ and φ λ ′ (λ = λ ′ ).
We now substitute a c-number E(φ λ ) = φ λ |H|φ λ for H Q in Eq.(34). Then a diagonal matrix element ofH P is approximated by
This is a kind of closure approximation, since it is given by replacing the energy denominator by a c-number. It is not easy, in general, to evaluate E in the energy denominator properly. λ , and is closer to the exact E for low-lying states.
Observing the above relation between the H 1 CM and the perturbative renormalization with closure approximation, we can claim that the H 1 CM is an improvement from the perturbative method in the following points; (i) the over-counting arising from the nonorthogonality between φ λ and φ λ ′ (λ = λ ′ ) is removed, (ii) off-diagonal elements are evaluated in a consistent manner with diagonal ones, and (iii) E in the energy denominator is improved.
If the overlap between φ λ and φ λ ′ is negligible, which somewhat depends on how to choose the original basis-set Ψ
λ ; λ = 1, 2, · · · , l , φ λ and φ
λ becomes quite similar. In order to further make the relationship between the two methods more transparent, we shall restrict ourselves to the diagonal elements and ignore how E is estimated.
If the second term of the right-hand side of Eq.(34) is expanded by the parameter
we obtain [2]
represents variance of H Q in the state φ λ . In a similar manner, the O(ζ n ) term corresponds to correction due to the n-th moment of the distribution of |q i 's. By comparing Eq. (41) with Eq.(39), it is found in O(ζ 2 ) that the distribution of φ λ over the eigenstates of H Q generally enhances the effect of the renormalization on energies.
The above discussion is useful to acquire an intuitive picture of the H n CM. An extended OAI mapping is also developed and applied to the Cr-Fe nuclei. This is the first work to evaluate the IBM-2 parameters from a realistic shell-model hamiltonian. The wavefunction renormalization is converted to a renormalization of the IBM-2 parameters.
Some effects of the renormalization are discussed. Although most parameters in the IBM-2 hamiltonian do not change considerably, the Majorana interaction becomes sizably repulsive as a renormalization effect. It is indicated that many-body terms are unnecessary in the IBM-2 hamiltonian. In the transition operators, the H n CM gives rise to spin quenching for the M1 and M3 proton parameters, as well as E2 effective-charge enhancement. The χ parameters in the E2 operator are shown to take close values to those in the hamiltonian.
This situation is not influenced by the renormalization. 
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